Section 2.11

Convected Coordinates: Time Rates of Change

In this section, the time derivatives of kinematic tensors described in 82.4-2.6 are now
described using convected coordinates.

2.11.1 Deformation Rates

Time Derivatives of the Base Vectors and the Deformation Gradient

The material time derivatives of the material base vectors are zero: G, =G' =0. The
material time derivatives of the deformed base vectors are, from 2.10.23, (and using
I =d(FF*)/dt=FF"+FF")

g, = FGi = FFilgi :_FFilgi

L . o (2.11.1)
gl — FfTGI — FfTFTgI — _FfTFTgI
with, again from 2.10.23,
F=9,®G'
F'=G, ®¢'
: . (2.11.2)
FT=¢'®G,
F'=G'®g,
The Velocity Gradient
The velocity gradient is defined by 2.5.2, | =grad v, so that, using 1.16.23,
_ i _ _
=NV gei o N O i L N gy (2.11.3)
ox ox' 00’ ox' 00’
Also, from 1.16.19,
OX oV
= = 2.114
Y% e ( )
so that, as an alternative to 2.11.3,
=9, ®¢' (2.11.5)

The components of the spatial velocity gradient are
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li =9ilg; =9; -9,
I' =d'lg. =g’ -g.
i g g,_ g _g, | ) (2.11.6)
I’ =9l9’ =9™g;-9, =9;-9’
I"=g'lg’ =g ¢’
Convected Bases
From 2.11.1, 2.11.2 and 2.11.5,
5 :I ) A :—IT i
g Q.T g i9 (2.11.7)
=gl =-g'l
Contracting the first of these with d®' leads to
9,d®' =1g,de' (2.11.8)

which is equivalent to 2.5.1, dv = ldx.
Time Derivatives of the Deformation Gradient in terms of the Velocity Gradient

Egns. 2.11.2 can also be re-expressed using Eqgns. 2.11.7:

F=9,®G =gl"®G' =g, ®G' =IF
F'=G, ®¢' =-G,®g'l =—F I
FT=0'®G,=-¢1®G,=-1"g'®G, =-I"F T
F=G'®g,=G'®g,|"=F'I"

(2.11.9)

which are Eqgns. 2.5.4-5.

An alternative way of arriving at Eqns. 2.11.7 is to start with Egns. 2.11.9: the covariant base
vectors G, convect to gi(t) over time through the time-dependent deformation gradient:

g;(t)=F(t)G,. For this relation to hold at all times, one must have, from Eqn. 2.11.9b,

+F7g, (2.11.10)

Thus, in order to maintain the convection of the tangent basis over time, one requires that
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g, =lg; (2.11.11)

The contravariant base vectors G' transform to gi(t) over time through the time-dependent

inverse transpose of the deformation gradient: g'(t)=F"(t)G'. For this relation to hold at
all times, one must have, from Egn. 2.11.9d,

G'=0=FTg'
=F'g'+F'g’ (2.11.12)
=FT(|Tgi +gi)

Thus, in order to maintain the convection of the normal basis over time, one requires that
g =-1g' (2.11.13)
The Rate of Deformation and Spin Tensors

From 2.5.6, | =d +w. The covariant components of the rate of deformation and spin are

% (+17)g, = % (6, ®g"+9" ®g, ), = (g g, +0, 9)=%9 9,
w =500, =306, ©0" 0" @4, )8, =5(6,-6, -0,
(2.11.14)
Alternatively, from 2.11.6a
d=(1+1")=>(s,6,+6,9,)9, ®g,
=%gi 9,0,®0, (2.11.15)
:%gijgi®gj
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